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SOLUTION TO PROBLEM SET 13
Solutions by J. Barber

Reading:

Hand & Finch:

10.4 (Introduction; Harmonic Analysis; Hysteresis)

11 (Introduction and Overview)

11.1

11.11 (Introduction; Breaking the Symmetry; Period Doubling and the Onset of Chaos)
11.13

1.
Hand & Finch, p. 403, Question 7 (using symmetry). Note the typo in the statement of this problem:
(b) should read t — ¢t + m/w, not t — t + 7.

Solution:

With Q = oo (no damping), equation 10.60 becomes § + g + € = f cos wt.

(a)

Under the transformation ¢t — —¢, § — ﬁij = ¢, and coswt — cos(—wt) = coswt. This leaves the
equation unchanged, and so Eq. 10.60 is invariant under this transformation.

(b)
Under the transformation ¢ — ¢t + =, ¢ — —¢q, nothing happens to the time derivatives, ie % — %.
Taking this into account, the transformed equation is
. i
—j—q+e(—q)® = feosw(t + ;)
—(G+ q+€eq®) = feos(wt + 1) = —f coswt
i+ q+eq® = fcoswt

So 10.60 is invariant under this transformation.
Solutions to 10.60 must be invariant under the same transformations. So, if we guess a solution of
the form ¢(t) = >_°7; (A, cosnwt + By, sinnwt), we must have (by (a)):

oo oo
Z (A, cosnwt — B, sinnwt) = q(—t) = q(t) = Z (A, cos nwt + B, sin nwt)
n=1 n=1

which implies that ZZO_I B, sinnwt = 0. This can only be true for all t if all B,, = 0.
By (b):

— A, t4+ —)=—q(t+ —) =q(t) = A, t
E cosnw(t + w) q(t + w) q(t) ng_l CoS nw

n=1

M

oo
(—1)" A, cosnwt = Z A,, cos nwt
1 n=1

3
I

i (1+(-1)") A, cosnwt =0

n=1
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The quantity 1+ (—1)" is 2 for n even and 0 for n odd. This implies that 2377, , 5 A, cos nwt = 0,
which can only be true for all t if A, = 0 for all even n. Thus q(t) = 3377, 55 Ay, cosnwt.

2.

Hand & Finch Problem 10.11 (a) and (b) only (asteroid perturbed by Jupiter)
Solution:

(a)

The Lagrangian for this problem, taking into account the perturbation due to Jupiter, is:

="

2

o /. . GMgm, GMjymgr,
m <r2+r2¢2>+ s + J;n ! cos(¢g — ¢g)

Ta Ty

Let r; =constant, and assume the angles ¢, and ¢ start off in phase, ie (;Sa = wat ¢y = wyt. Then

¢y =2t qba If we now write the Lagrangian in terms of u = rl , with 74 = — %, we get
GM
£="Ta < + Qﬁ > + GMsmqu + —Sma—coswqba
2 TJ U

where z =1 — oF . The Euler-Lagrange equation for w is:

i 21 GM; 1

L2l @2 GMs + 5 — cosag, = 0

U U u ryou

Next, if we treat the effect of Jupiter as a small perturbation, then the asteroid’s angular momentum
| = magar? is still conserved. We can then change the independent variable from ¢ to ¢ by using

d _do d __ 1
the fact that 9= drds mL% Then

i _1wdd (wlde) P (du 1(du)’
ut  utmgdp \mado)  m2 \de?  u\de

@ _ 1 (WPdu\"_ P (du)?
udS  ud \mgdod)  miu\do

So our equation of motion becomes

and

d2u N GMgm2  M;GMsm2 [ 1 \° 4o =0
— tu—-—0— 4+ ———F—| — | coszp, =0.
d¢2 2 Ms 12 ury
If we define p = a(l — €?) = GMl 7, then this can be written as:
d*u 1, My1/ 1\
- — Sl (i =0
agz " +MSP<WJ> cosee



(b)

If we let u = % + du, with du << %, then our equation becomes:

2

d?6 1M 1
—;+5u+——‘] —— | cosx¢p=0
dg p Ms (%+5U>TJ
d?6u p My 1
—— 4+ ou+ 5-————=coszp=0
dg? 75 Ms (1 + pou)® ¢
d2(5u < 2p2MJ ) P MJ
1———cosz¢ | éu+ ——=cosxp =0
CZ(Z)2 ?”?7 MS Qs T’JMS @

where in the last step we have Taylor expanded for small p Ju. The last term is a small perturbation
that averages to zero over an orbit, so we can neglect it. Furthermore, if we define 7 = m2—¢, then we

obtain ,
d?6u 4 2p \"Mj;
LS o ) ZLcos2r | su=0
dr? + (mQ (xm) Mg o8 T) Y
d?6u
dr?

where a and ¢ are as defined in the problem.

+ (a — 2qcos27) du =0

3.
Using Hand & Finch Eqgs. (9.18) and (9.19), derive Eq. (9.20).
Solution:

zp =lsing; — @1 =1l¢1cosgy y1=—lcos¢r — §1=Il¢sing,
Ty =z +1sin(p1 + ¢2) — d2 = ld:’l cos ¢1 + l(él + ¢>2) cos(¢1 + ¢2)
Yo =y1 — lcos(p1 + ¢2) — Y2 = lp1singy + (¢ + ¢2) sin(¢y + ¢2)

V =mg(y1 + y2) = mg (=l cos ¢y — L cos 1 — L cos(p1 + ¢2))
= —mgl (2 cos ¢1 + cos(d1 + ¢2))

T = % ((ld)l cos <251)2 + (I¢y sin ¢1)2 + (I cos p1 + 1(p1 + pa) cos(¢y + ¢2))2

+ (I1 sin gy + (1 + ¢2) sin(¢r + ¢2))2>

2
- % (ﬁb% (cos? ¢y + sin® ¢1) + fﬁ(COSQ ¢1 + sin? ¢;)
+ 201 (1 + P2)(cos ¢y cos(d1 + ¢2) + sin ¢y sin(¢y + ¢2))
+ (5251 + ¢2)2(COSZ(¢1 + ¢)2) + Sin2(¢1 + ¢2)))

mi?

=5 (2(;% + 2@1@51 + 9252) cos ¢2 + (¢1 + ¢2)2>



4.
Hand & Finch, p. 427, Question 1 (Hamiltonian)
Solution:
We make the change of notation ¢; — « and ¢o — (. Let L = ngz and let t — \/? t. Then:
T— 1 . i
L= lV =3 (20’12 + 2&(& + ) cos B+ (& +ﬁ)2> +2cosa + cos(a + 3)
mg
Find conjugate momenta:
oL’ . . L
lo = B =2&+ (2a+ fB)cosB+a+
Q
= (34 2cos )i + (1 + cos 3)3
oL’ .
lg = — =cdcosf+a+
=8 g B
= (14 cosB)a + f3
From these one can solve for & and 3 to yield:
la — (1 +cosB)ls 2la — (L +cosP)lg
o = =
3+ 2cos 3 — (1 + cos 3)° 3 —2cos2f
b= (3+2cosB)lg — (1 +cosB)lo 5 (34 2cosf)lg — (14 cos B)la
34 2cos B — (1 + cos 8)* 3 —2cos2
The Lagrangian can now be rewritten as
1 . B\ -
L= 3 (((3 +2cos B)a+ (1 + cosﬂ)ﬂ) &+ ((1 + Cosﬂ)d—i—ﬂ) B) +2cosa + cos(a + f3)

1 1. .
= §lad + §lgﬁ + 2 cosa + cos(a + )
Using the definition of the Hamiltonian and our expressions for & and B, we can now get

. 1 1 .
H=loa+1g8—L = =loa+ =138 —2cosa — cos(a + 3
B 9 2ﬁ

_ %la <2la - (l—i-cosﬂ)lg) N llg (2(34—20056)[5 — (l—i-cosﬁ)la) ~9cosa— cos(a + )

3—2cos(3 2 3—2cos(3
12 —2(1 4 cos B)lals + (3 + 2 cos B)12
= ( Bllals + ( ﬂ)’g—Qcosa—cos(oz—i—ﬂ)
3—2cos(
5.
Hand & Finch, p. 454, Question 12 (phase space flow equations)
Solution:

If the force (the torque, actually!) is F'sinwt, then from elementary considerations the equation of

motion is . .
mil?0 + bh + mgl sinf = F sinwt
. b . F

0+ W@—i— %sin@ = Wsinwt
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,and f = L. We then have:

Now define new constants: R

~Ie

0+ = + wisinf = fsinwt
Q
If we define p = 6, then we can write

b= p
p+%+wgsin9:fsinwt

which is identical to Eq. 11.22.

6.

Hand & Finch, p. 455, Question 13 (symmetry breaking)

Solution:

Ift —t+7T, % — % (derivatives are unaffected). So, with § — —6 and p — —p, eqn 11.22 becomes:

—v=-=p
{ —p = —w?sin(—0) — %p + fsin(w(t + I))

0=p
p:—wgsinﬁ—%—fsin(wt—i—ﬂ)

0=p
p=—wlsinf — &+ [sinwt

which is identical to the original equations. Eqn 11.22 is thus invariant under this transformation.



